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When going back and forth from glyphs used in serial order or on a map to glyphs used on a Cartesian grid, two rays may be qualities diagramed on X-and Y-axes, or measures on X-and Y-axes may be replaced by rays of appropriate lengths. In Figure 1 at the lower left, individuals 1, 2, 3, and 4 are transferred to a Cartesian grid. Qualities A and E (each measured on a scale of 1-10, using the original values given in parentheses in the upper-left-hand corner of Fig. 1 ), are employed to locate each glyph on the scatter diagram. It will be seen that these glyphs are the same as those in the figure to the right, except that the ray at position A has been replaced by the position of the entire glyph cn the Y-axis, while the ray at position E has been replaced by the position of the glyph on the X-axis. It will be noted that, as far as one can judge from four individuals, variables B and C are associated with each other, as are B and D; that B, C, and D, separately and in combination, are associated strongly with variable A and slightly with variable E.
In attempting to work out complexes of related qualities, the analysis is facilitated if the ray lengths are coded in such a way that all the extreme values characteristic of one complex are assigned long rays and those characteristic of the other are assigned no rays. For example, in studying hybridization between two subspecies of Campsis, one of the subspecies had a short tube, a wide limb, and much red in the flower; the other had a long tube, a small limb, and little red. Redness and limb width were coded with long rays for much red and for wide limbs, tube length was coded in reverse with a long ray for short tubes. This meant that those hybrids closely resembling one parent were coded as three long rays and those most closely resembling the other parent as a rayless dot. 1. Introduction.-A type of control process that is common to economic and engineering fields is that of maximizing a functional of the form
over all vector functions v(t) satisfying constraints of the form VOL. 43, 1957 Ri(x, v) < 0, i = 1, 2, .. ., k, (1.2) where x(t) is an n-dimensional vector function determined by the differential equation (1.7) u(t) = c(t),
Problems of the type we shall treat arise in the study of "bottleneck" processes in mathematical economics, in the "bang-bang" control problem of electronics, and in prediction theory. We shall discuss the stochastic version of these problems in a subsequent paper. Let us now show that we can reduce the computation to one involving sequences of functions of one variable. As we know, the solution of equation (2.2) where w(t) and k(t) are known functions,6 terminal control problems involving linear systems with retardation can be treated in precisely the same fashion.
If, in place of an expression such as u(T) I, we wish to minimize an expression of the form g [u(T), u' (T) ], we will require sequences of functions of two variables. 4. Discussion. Generally, if x(t) is governed by a linear equation of the form given in (1.6), a direct application of the functional-equation technique will lead to functions f(c, T) of dimension N. If the objective is to minimize a function, g[xi(T), x2(T), . ., xk(T)], of the first k components of x(T), the method sketched above will lead to functions of k variables. In a number of applications in the economic and engineering field, we wish to control the final states of only one or two significant quantities. The method outlined above furnishes a computational solution to problems of this type. tions, 1955 (New York: American Mathematical Society, 1957 1. Introduction.-It is well known that a large variety of important physical processes can be formulated in terms of random walk (cf. Chandrasekharl). In particular, multiple scattering may be discussed in these terms (cf. Wigner2).
In a sequence of papers,3 6 we have introduced and presented applications of a general principle of invariance which we have called the "principle of invariant imbedding." This is a simultaneous distillation and extension of the various invariance principles used by Chandrasekhar in his book,7 where references to earlier uses by Ambarzumian are given. In this paper we wish to present some further applications of this fundamental approach, turning our attention now to the fields of random-walk processes and scattering.
In order to illustrate the underlying ideas as clearly as possible, unhampered by purely technical detail, we shall consider two one-dimensional discrete processes.
In subsequent papers we shall apply the same methodology to corresponding problems for multidimensional regions and to continuous versions. Since continuous versions of random-walk processes lead to the heat equation and the potential
